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Transverse instability for nonlinear Schrodinger 
equation with a linear potential 



Abstract 


In this paper we consider the transverse instability for a nonlinear Schrodinger 
equation with a linear potential on M x T^, where 2irL is the period of the torus 
TRose and Weinstein [18| showed the existence of a stable standing wave for 
a nonlinear Schrodinger equation with a linear potential. We regard the standing 
wave of nonlinear Schrodinger equation on M as a line standing wave of nonlinear 
Schrodinger equation on M x T l- We show the stability of line standing waves for all 
L > 0 by using the argument of the previous paper [26] . 

1 Introduction 

We consider the nonlinear Schrodiner equation with linear potential 


id t u = — A u + V ( x)u — \u\ p 1 m, (l,i,n)6lxlx T L , 


( 1 . 1 ) 


where p > 1, a potential V : M —>■ K and u = u(t,x,y) is an unknown complex-valued 
function for i G 1, i G R and y G T L . Here, W = K/27rLZ and L > 0. 

We assume the following conditions for V. 

(VI) There exist C > 0 and a > 0 such that |V(x)| < Ce~ a ^. 

(V2) + V has the lowest eigenvalue —A* < 0. 

The Cauchy problem (11.111 is locally well-posed in V 1 (M x Tb) by using the argument 
in [T] and The equation (ll.ljl lias the following conservation laws: 
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where u E i7 1 (K. x T L ). 

We define a standing wave u(t) as a non-trivial solution of (11.11) having the form u(t) = 
e lU}t xp. Then, e lu}t (f is a standing wave if and only if ip is a non-trivial solution of 

— A(p + ujip + V(x)(p — = 0, (i,f/)eKx T l . (1.2) 

Using the bifurcation theory, Rose and Weinstein [IS] showed the existence of the stable 
standing wave e lujt (p u for the following nonlinear Schroclinger equation 

id t u = — d 2 x u + V(x)u — \u\ p ~ l u, (i,i)eKxK. (1.3) 

Then, the standing wave e lU}t <p u satisfies the following. 

Proposition 1.1. Let if* be the eigenfunction of —d\ + V(x ) corresponding to —A* with 
if* > 0 and ||'0*||i y 2 = 1- Then, there exists to* > A* such that for A* < lo < ui*, e iujt (p u is a 
stable standing wave of (11.31) satisfying 

p +1 j 

<Pu = II^IInpTqK)^ - + r{u ), 

where ||r(n;)|| H 2 ( R ) = O((u 0 — A*)“ +1 ). Moreover, Lf = —8% + lo + V — has the 

exactly one negative eigenvalue —A w and does not have the zero eigenvalue. 

We define the line standing wave e l ' wt f> w of (11.11) as 

<Pu(x, y) = Voj(x), (x, y) e R x T L . 

In this paper, we consider the transverse instability of the line standing wave e lwt (p w . The 
stability of standing waves is defined as follows. 

Definition 1.2. We say the standing wave e lU}t ip is orbitally stable in II 1 if for any e > 0 
there exists S > 0 such that for all u 0 £ H 1 (R x T L ) with ||u 0 — ^\\ H i < S, the solution 
u{t) of (11.11) with the initial data w(0) = Uq exists globally in time and satisfies 

ebdSk H“ (( - •’' - y) - e “^' ~ < £ ' 

Otherwise, we say the standing wave e luJt ip is orbitally unstable in H 1 . 

The transverse instability for KP-I or KP-II equation is treated in [1J [15, 16] [T9, [20] 
[21, 22]. In [T] , Alexander-Pego-Sachs studied the linear instability for line solitons of KP-I 
and KP-II. In [T6] . Mizumachi-Tzvetkov proved the asymptotic stability for line solitons 
of KP-II on Rxl Modulating the local phase and the local amplitude of line solitons, 
Mizumachi showed the asymptotic stability for line solitons of KP-II on M 2 in POJ. Rousset- 
Tzvetkov proved the transverse instability for line solitons of KP-I on M 2 in [T9] and on 
MxTi in [20]. In [22], Rousset-Tzvetkov showed the stability of line solitons for KP-I on 
RxTi with small L > 0. Moreover, Rousset-Tzvetkov proved the existence of the critical 
period 4/\/3 for the period L of the transverse direction. Namely, a line soliton for KP-I 
on M x Tl is stable for 0 < L < 4/\/3 and unstable for L > 4/\/3. 
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The transverse instability for a nonlinear Schrodinger equation is studied in [2] [ID, [20] 
l25l 26] , In [2], Deconinck-Pclinovsky-Carter studied the linear stability for line standing 
waves of a hyperbolic Schrodinger equation. Rousset-Tzvetkov proved the transverse in¬ 
stability for cubic nonlinear Schrodinger equation without linear potential on R 2 in pj9] 
and on R x Tj, in |20j . To prove the instability, Rousset-Tzvetkov applied the argument 
of Grenier [9]. Rousset-Tzvetkov constructed the high order approximate solution with an 
unstable eigenmode and showed a precise estimate of the growth of the semi-group gener¬ 
ated by the linearized operator. To construct the high order approximate solution, we use 
the regularity of the nonlinearity \u\ 2 u in the sense of Frechet differentiation. In [53], the 
author studied the transverse instability for line standing waves of a system of nonlinear 
Schrodinger equations on R x R which was treated in [4], In [25] . the existence of the 
critical period for a period L was also proved, which was suggested by Rousset-Tzvetkov. 
Constructing the estimate for high frequency parts of solutions and using the existence 
of local solutions, the author showed the transverse instability for line standing waves of 
equations with the general power nonlinearity. In [26], the author considers the stability 
for a line standing wave of (II. ip with V — 0. The application of the argument in [25] yields 
the existence of the critical period for a line standing wave of (II.ip with V — 0. For (II.ip 
with V = 0 and the critical period, the linearized operator around the line standing wave is 
degenerate. Therefore, we can not directly apply the argument in Grillakis-Shatah-Strauss 
nm nu- Since the linearized operator around the line standing wave with the critical 
period does not have any unstable eigenvalues, we can not show the instability by the 
argument based on the occurrence of unstable eigenmode in [5] [ID] [20] 25]. Moreover, 
the third order term of the Lyapunov functional around the line standing wave with the 
critical period does not appear. Thus, we can not apply the argument for the degenerate 
case of the stability in [13]. The transverse instability comes from the symmetry breaking 
bifurcation. In [26], applying the bifurcation result for symmetry breaking bifurcation and 
the stability result for the degenerate case in [T3] , the author showed the stability for the 
line standing wave with critical period for some exponents p > 2 of the nonlinearity. 

The followings are our main theorems in this paper. In the first theorem, we show 
the transverse instability of the line standing wave e lujt (p w and obtain the critical period 
between the stability and the instability. 

Theorem 1.3. There exists c u* i0 > A* such that for A* < cu < cu* i0 the followings two 
assertions hold: 

(i) If 0 < L < (A^) - ^ then the standing wave e wt Cp^ is stable. 

(ii) If < L, then the standing wave is unstable. 

In the Second theorem, we show the stability for the line standing wave e lU}t (p UJ with 
the critical period L = (A^)^ 1 / 2 . 

Theorem 1.4. Let p > 2 and 


9 + \/57 



Then there exists A* < u p satisfying the following two properties: 
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(i) Ifp<p* and A* < u> < u p , then the standing wave e lwt Cp^ of (11.11) with L = (A^) 1 / 2 
is stable. 

(ii) If p* < p and A* < u < u p , then the standing wave e wt (p u of (II. ip with L = (A^) -1 / 2 
is unstable. 

The proof of Theorem 11.31 follows form the spectrum analysis of the linearized operator 
and the estimate of high frequency parts of solution by the argument in [25]. To show the 
growth of the semi-group generated by the linearized operator, we use the assumption of 
the decay for the linear potential V. For the proof of Theorem 11.41 we apply the bifurcation 
analysis for the symmetry breaking bifurcation and the argument for the stability in [26] . 
In [26], to prove the stability for the line standing wave with the critical period, we show 
the increase of L 2 -norm of the symmetry breaking standing wave with respect to the 
bifurcation parameter or the decrease of it. To show the increase of L 2 -norm, we need to 
calculate an integral of a solution of an ordinary differential equation which comes from 
the linearized equation of one dimensional Schrodinger equation around a standing wave. 
Since it is difficult to obtain the explicit solution of the ordinary differential equation in 
the argument in [25], we can not calculate the exact value of the integral and we estimate 
the value of the integral. Therefore, it is not known whether the line standing wave is 
stable or unstable for some nonlinear Schrodinger equations with the power nonlinearity 
\u\ p ~ 1 u which has some exponent p G (2,3). In the proof of Theorem 11.41 we treat the 
small standing wave which bifurcates from the eigenfunction of — d 2 + V with respect to 
the lowest eigenvalue. Since the line standing wave of the nonlinear Schrodinger equation 
studied in [26] comes from the standing wave of the one dimensional nonlinear Schrodinger 
equation which has the scale invariant, we need to study the fully nonlinear structure of 
the Lyapunov functional around the line standing wave. In this paper, using the smallness 
of the line standing wave of (11. ip and the expansion of the standing wave with respect to 
the parameter u>, we weaken the nonlinear structure of the Lyapunov functional around 
the line standing wave of (11.11) . Therefore, we can evaluate a value of the integral and 
make a close investigation into the stability for all exponents p > 2. 

The rest of this paper consists of the following three sections. In Section 2, we show 
the properties of the spectrum and the coerciveness for the linearized operator around 
line standing waves. In Section 3, applying the variational argument in (TO] ;4] and the 
spectrum argument in [25], we prove Theorem 11.31 In Section 4, combining the bifurcation 
result and the argument for the degenerate case in [13] , we prove Theorem 11.41 


2 Preliminaries 

In this section, we investigate properties of the linearized operator of (11.11) around the 
standing wave e wt (p^. 

Let H\X) = {u : X -> C| J x (\Vu\ 2 + \u\ 2 )dx < oo} and H\X,R) = {u : X -> 
M| J[ Y (|Vit| 2 + \u\ 2 )dx < oo}. Let be the eigenfunction of Lf corresponding to —A^ 
with W'lpuj = 1 and > 0. We define the action 

S u (u) = E(u ) +ojQ(u). 


4 

















Transverse instability 


Then, the action S u is a conservation law of (11.11) and S' u (<p u ) = 0, where S" u is the Frechet 
derivation of S u . Moreover, we have 

{S'u(.<Pu)u,v) H - i,/fi = (L+(Re u),Re v) H -i, H i + (L“(Im u),Im v) H -i }H i, 


where 

L+ = -A + uj + V - 2# w | p- \ Lj = -A + u + V - \<Pu\ p - X 
Let 

j . (0 —1\ (Re u\ 

Ju — IU — ^1 

For ti,D6f 2 (lxTi),we define 


(u, v ) L 2 = Re 


uvdxdy. 


' RxTr 


In the following proposition, we show properties of the spectrum of the linearized operator 
for (11.11) around <p u . This proposition follows Theorem 1.1 of [21] and Lemma 3.1 of [22] 
(also see Proposition 2.5 of [25].) 


Proposition 2.1. Let A* < u < u*. 

(i) If 0 < L < (A w ) -1 / 2 , then —JS'f{(pJ) has no positive eigenvalue. 

(ii) If 0 < L < (A^) -1 / 2 , then 


Ker (S"((p w )) = Span {itpu} . 


(iii) If L = (Aoj) 1//2 , then 


Ker (SZ{(p u )) 


Span \ ifiu, ifu cos j-, sin j- 


(iv) If L > (Ajj) 1//2 , then —JS"(<p u ) has a positive eigenvalue and the number of eigen¬ 
value of —JS'fi^Ipu) with a positive real part is finite. 

Here, Span{n l5 ..., v n } is the real vector space spanned by vectors Vi ,..., v n . 


Proof. We define 


where u G H 1 (R), Lf 
for u G iL 1 (R x T l ) 


where 


S(a)u = 


+ 


0 


Re u 


0 L u + a 2 J \Jiir uJ ’ 

-d\ +cu T V-p\g>u\ p ~ l and L~ = -d 2 +cu + V - |</? w | p_1 . Then, 


S”(Pu)u(x,y) = Y S (j) u n {x)e™ v , 


u(x,y ) 


Re u 
Im u 


E 


\ u I,n J 


E 


U r 


/ \ in y 
\x)e L . 


n=—o o 
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Therefore, —JS"(<p u ) has an eigenvalue A if and only if there exists n E Z such that 

— JS(n/L ) has the eigenvalue A. 

By Proposition 11.11 S(a ) has no negative eigenvalues for a > (A^) 1 / 2 . By Theorem 
3.1 in ra. the number of eigenvalues of —JS(a) with the positive real part is less than 
or equal to the number of negative eigenvalues of S(a). Thus, for a > (A^) 1 / 2 , JS(a) 
has no eigenvalues with the positive real part, (i) follows this. Moreover, the number of 
eigenvalues of —JS'^{(p u ) with the positive real part is less than 1 + 2L/(A tJ ) 1 / 2 . Since the 
kernel of S{a ) is trivial for a > (A^) 1 / 2 , the kernel of — JS(a ) is trivial for a > (A„)'/ 2 . 
Then the kernel of — JS'(O) is spanned by i<p u . Therefore, for a > (A^) 1//2 , the kernel of 

— JSu(<p) is spanned by i<p u and (ii) is verified. 

The kernel of L+ + A^ is spanned by ip^ and L~ + A w do not has zero eigenvalue. Hence, 
the kernel of S”((p> u ) with L = {X u )~ 1 ^ 2 is spanned by i(p u , xp u cos j and ip^ sin -jP This is 
(hi). 

Let 

M(v, a, A) = S(a)( r ip U} + v) + J~ 1 X( r ip U} + v), 

where v E {w E Lf 2 (M)|(v, '0 oj)l 2 (r) = 0} =: (' 1 Puj) ± and a, A 6 1. Then, M is a C°° 
function with 

M(0,(X UJ ) 1/2 ,0) = 0. 

Since 

{w, n) = 2(A u,) 1/2 H'lpu: + <S'((A a ;) 1/2 )'iw, 

(n,a,A)=(0,(A tJ ) 1 / 2 ,0) 

by the implicit function theorem, there exist a(A) E M and v(X) E H 2 (R ) such that 
a(A),u(A) are the C°° functions, where a(0) = (A^) 1 / 2 , u(0) = 0 and M(v(X), a(A), A) = 0. 
Then, we have 

-JS(a( X))(ip u + v(X)) = X(ip u + v(A)) 
for sufficiently small |A|. Differentiating with respect to A, we obtain 

-ir-(v(X), a(A), A) = 2a(X)a! (X)(ip u + v(X)) + S'(a(A))u / (A) + + v(X) + Au(A)) = 0. 

o\ 

Since n(0) = 0, we have 

(2o(O)o / (O)'0 a; , ipu) l 2 (K) = 0, 

and a'(0) = 0. Therefore, we have <S'((A a ,) 1 / 2 )u , (0) = Since v'(0) E (ip U} ) ± and 


DM 
d(v, a) 


d 2 M 

~d>x 


(n(A),a(A), A)|a=o = 


2a(0)a"(0)^ w + ^((A tJ ) 1/2 )n"(0) + J”V(0) = 0, 


(5'((^) 1/2 ) w/ (0)D ,/ (0))H-i(R),r/i(K) 
a (Uj - 2( A w)1/ 2 < U ‘ 

From the proof of (i), for a > (A w ) 1//2 , —JS(a) has no positive eigenvalues. Hence, for suffi¬ 
ciently small e > 0 the function a(A) on (0, e) has the inverse function A(a) on (a(e), (Aa,) 1 / 2 ) 
and a(e) < (A^) 1 / 2 . Namely, —JS(a) has the simple positive eigenvalue on (a(e), (A^) 1 / 2 ). 
Let 


a 0 = inf {a > 0| — JS(b) has a simple positive eigenvalue for a < b < (A^) 1/2 }, 


6 








Transverse instability 


and for a G (do, (A w ) 1//2 ) the value A(a) be the positive eigenvalue of —JS(a). We assume 
do > 0. By the perturbation theory, there exists {d™}^ C (ao, (A^) 1 / 2 ) such that a n —> do 
and 

lim A(d„) = 0 

n—>• oo 


or 


lim A(d n ) = oo. 

n—>-oo 

Since there exists C > 0 such that |(— JS(a)u, m))h-i(r),h 1 (r)| < C1MIz,2(r) f° r « £ A(d) 
is bounded. Therefore, 

lim A(d n ) = 0. 

n—> oo 

Then, there exists {c n }™ =1 such that ||u n || = 1 and —JS(a n )v n = X(a n )v n . Here, 

S(ao)v n (dg a n )v n J A(d n )v n . 

Since S'(do) is invertible and (S'(do )) -1 is bounded, 

v n = ( S (d Q )) 1 ((dg - a 2 n )v n - J~ 1 X(a n )v n ) ->• 0 as n -> oo. 


This is contradiction. Therefore, do = 0. □ 

Next we show the coerciveness of Lf on a function space which follows the proof of 
Theorem 3.3 in ra- 

Lemma 2.2. There exist uj^q > A* and k 0 > 0 such that for A* < c a < and u G 
// 1 (M, M) with {ifu, u)l2(r) = 0, 

(L^u, u)> ^o|| M ll/fi(R), 

where (u,v)l 2 ( R ) = Re f R uvdx. 

Proof. Let u G // 1 (M, M) with (<£> w , m )l 2 (K) = 0. We decompose u = d^* + u±, where 
d = (w, k) and (V’*) m _l)l 2 (R) — 0. From the spectrum of — d 2 + V + A*, there exists 
k > 0 such that 


{( — fix + ^ + A*)m_l, U±)h~ 1 (R),H 1 (R) > 

By ||R|| L oo < oo, we have for e > 0 

(( —1 + V + A*)'U±,n±)H- 1 (R) ! rr 1 (R) > (k - edl^U^ - A*))||'U_l||^ 2 (R) + £\\d x u ±\\ 2 L2(R) . 
Therefore, there exists k' > 0 such that 

((“ 1 + V + A*)«i,Mi) ff -i( R ) )ff i( R ) > k'\\u±\\ 2 Hl ( R y 
By the assumption (yW^z^R) = 0, we have 

(<Aj> ^±)l 2 (R) 


d = 


(7W V’*)l 2 (R) 
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Then 

{L^u,u) i( R ) —((—d^ + V + n±)r/-i(K),/ri(K) + A^a 2 

+ ((cj - A* - p\(fu\ p ~ 1 )u±,u ± ) H -i {R)tH i {R) - 2X UJ ^ ' L | L (R) + o(||ttj_|| 

vPu,y’*)v , (R) 

>k'\\u ± \\ 2 H i + A w a 2 + ((w - A* -p|^| p " 1 )m±,m±)h-1(R),h1(R) 

, 11 ^-L 11 L 2 (R) 11 Tu 11L 2 (R) ,M |,2 \ 

2A -- qlj \ 2 - + o(||«±|| L2 ( R )). 

Wl^R) 

If |a; — A* | is sufficiently small, then we obtain the conclusion. □ 


3 Proof of Theorem 11.3 


In this section, we prove Theorem 11.31 The proof of Theorem 11.31 is similar to the proof of 
Theorem 1.5 in [22]. We write the detail of the proof of Theorem 11.31 for readers. 


3.1 Proof of (i) of Theorem 11.31 

In this subsection, we assume 0 < L < (A^) -1 / 2 . The proof of (i) of Theorem 11.31 follows 
Section 3.1 in [25] . 

The following proposition follows Grillakis-Shatah-Strauss [TO] or Colin-Ohta [4] (see 

0 )- 

Proposition 3.1. Let e iUJt (p be a standing wave of li.il) . Assume that there exists a 
constant 5 > 0 such that (S'f(cp)u,u) h- 1 ^ 1 > 5||u||#i f or a M u G M x T^) satisfying 
((P,u)l ,2 = (J(p,u)l 2 = 0. Then, the standing wave e lLJt <p is stable. 

Let u G iL 1 (M x Tl) satisfy (</5 w ,w)l 2 = {JTu,u)l 2 = 0. Then, We have 
(Su(<p u )u,u) H -i iH i = ^2{S(n/L)u„,u n ) H -i tH i, 


n£Z 


where 


u( x 




iny 

= > u n (x)e l . 


nEZ 


Since L u and Lf + X u are nonnegative, there exists c > 0 such that 

{S(n/L)v,v) H - i(R),/P(R) > c||u||^i (R) 

for n G Z\{0} and v G i/ 1 (M). By Proposition 11.11 and Lemma 12.21 there exists c' > 0 
such that for v G i/ 1 (M) with (</?u;W)l 2 = 27 rL f R <Pu,(Re v)dx = 0 and (J‘f> LJ ,v)L 2 = 
2nL f R <p u (Im v)dx = 0 

(L+(Re v), Re v) H -i,w > c'||Re v\\ 2 m , 

(L'(hn v), Im v) H -i tH i > c'||Im n||^i. 

Therefore, (i) of Theorem 11.11 follows from Proposition 13.11 
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3.2 Proof of (ii) of Theorem 11.3 

The proof of (ii) of Theorem 11.31 follows Section 3.2 in [23] . 

In this subsection, we assume L > (A^) 1 / 2 . We define 

/i* = max{A > 0|A 6 a{—JS"((pJ))}, 

where a(—JS"(tp u )) is the spectrum of —JS"{(p u ). Then, there exist k 0 G Z and y G 
iP(M x TT^ j such thcLt ll/^llr^ — 1 ^ ^ is eigenfunction of J corresponding to nnd 

ikQy —ikQy 

X[z,y) = Xi{x)e~ + X 2 {x)e, 
where X 11 X 2 G H 2 (M). We define the orthogonal projection P< k as 

k 

P< k u(x,y ) = ^ n n (x)e^, (x,y) e R x T L , 


where 

OO 

u{x,y)= ^ u n (x)e^. (x,y)eRxT L . 

n =—00 

A function u(f) is a solution of (11.11) if and only if v(t) is a solution of the equation 

d t v = -J(S"(<p u )v + g(v)), (3.1) 

where u(t) = e iut {(p u + v(t)), 

/ n + &j) -J#J P_ 1 Ar ~ |<£u,| P “Va 

9 ^ V v \ v + - |£J P_1 VJ 

and u# = Re n and vj = Im n. We define 7/5 (t) as the solution of (11.11) with the initial 
data <p u + Sx and vs(t) as the solution of (13.11) with the data hy. Then, we have that 
us(t) = e i0Jt (<f u , + v 5 (t)). 

We show the estimate of nonlinear term in the following lemma which follows Lemma 
2.4 of [ 8 ]. 


Lemma 3.2. There exists C > 0 such that 

Uv)\\ L2 < 

Proof. We have 

|| a |p-! _ |6|p-i| < 


C\\v\\ p HU l<p< 2 , 
c (\\ v \\ 2 w + \\ v \\w)> 2< P- 


\a-b\P~\ 1 < p < 2, 

p(\a\ p ~ 2 + \b\ p ~ 2 )\a — b\, 2 < p. 


Since 


g(v(x,y))= / {\9v(x,y) + ip u (x,y)\ p 1 - \<p u {x,y)\ p 1 )v(x,y)d6, 
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Mv)\\* < 


(| Ov + <p t 


ip— i 


\&u\ p l )vdO 


L 2 


< 


< 


v + <foj\ P 1 - \<fu\ P MLIMIl^ 


c \\v\\ p H i, 1<P<2, 

C(\\v\\m + Ikll^n), 2< P- 


□ 


In the following lemma, we estimate the low frequency part of the semi-group. 
Lemma 3.3. For a positive integer k and e > 0, there exists C k , e > 0 such that 

e ~ tJS “^P< kV <C kj£ e^* +E » |M| l2 , t > 0,v G L 2 (R x T l ). 

L 2 

Proof. By the definition of S(a), we have 

_ jq( n \ — ( 0 —1 @x + w + a 2 + V — \<Pu)\ p 1 

\pl - uo — a 2 - V + p\(p u \ p ~ l 0 

Using the exponential decay rates of V and (p^ and applying the argument for the proof 
of Proposition [5] and Lemma 6 in [6], we obtain 

/ e -JS(ah = e *{-JS{a)) 

By the definition of /i*, we have that the spectral radius of e _J5 ^ ri//L - > is less than or equal 
to e M * for n G Z. Therefore, by Lemma 2 and Lemma 3 in [23] we have 


\-tJS{n/L)\ 


< C n , £ e^ +£ Hv\ 


L 2 (R) 


, t > 0, n G Z, v G L“ 


Hence, for t > 0 and v G L 2 (M x T L ), 


,-tJSZfo) 


P<kV 


< 


L 2 


E 

n=—k 


^—tJS(n/L) v n eTTX 


< C k£ e^* +£)t \\v\ 


L 2 ’ 


L 2 


where 


U 2/) = X! 


u(a;,y) = > v n {x)e l 

tiEZ 


□ 


In the following lemma, we estimate the high frequency part of Vs(t). 

Lemma 3.4. There exist a positive integer K 0 and C > 0 such that for 5 > 0 and t > 0 

IhWHtfi < C\\P< Ko v 5 (t)\\ L2 + °(8) + o(\\v s (t)\\ Hl ). 
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Proof. By the Taylor expansion we have that for v G i/ 1 (M x T j) 

S u (<p u + v) = S u {(pJ) + (S' u (CpJ),v) H -i )H 1 + ^(S"(<p u )v,v) H -i,w + o(||u||^i). 

Since S u is conservation law, we have S u (<p u + 8\) = Su{(f>u + v s(t)) for t > 0. Using 
S'{(p u ) = 0 and 

(Su(<Pw)x,x)h-J~ 1 x)h^,h 1 = J~ 1 ~x)l 2 = 0 , 


we have 

(Su(ip u )vs(t),vs(t)) H -i iH i = o(||n 5 (t)||^i) + o(5 2 ). 

We define K 0 as the integer part of 1 + L( A w ) 1//2 . Since S(a ) is positive for a > (A^) 1 / 2 , we 
obtain S”((p u )(I — P<k 0 ) is positive. By the definition of S(a ) there exist c,C > 0 such 
that 

(S(a)v, v)h- 1 (m),h 1 (m.) > c ll l, |lif i (R) — C'II^IIl 2 (r) 
for v G i7 1 (M) and a G R. Thus, 

\\v5(t)\\ 2 H i = \\P<K 0 v s (t)\\ 2 Hl + || (/ — P< Ko )vs(t)\\ 2 H i 

< C'{S"(<p u )(I - P<K 0 )vs(t ), (/ - P<K 0 )vs{t)) H -i,Hi 
+ C'{S"(ifi u )P<K 0 vs(t), P<K 0 v s(t))H-'y,m + C"\\P<K 0 v s{t)\\ 2 H i 

<cjv s ml 2 +o(8^+o(\\vsmU- 

□ 


Let £o = min{(p — l)/i*/2,/i*/2}. By Lemma [3721 Lemma HOI and Lemma 13.41 we 
obtain that 

IMf)|| H i < Cde^WxWv + C [ \\e~( t ~ s ^ JSw ( <p ^P<K 0 g(vg(s))\\ L2 ds + o(8) + o(||u,s(t)|| Hl ) 

Jo 

<CSe“-‘ + C /'‘ e (>+^.(*--)(||„ J ( s) ||^ + ||„ i(s )||J fl )< is + oW + o( ||„ s(() || ifl ). 

Jo 

There exists Cq > 0 such that for small 8 > 0 and £\ > 0 

< Coe 1 **, for t G [0,T ei>5 ], 


where 


Then, 


T ei ,s — 


log(ei/<5) 


\{x,v s (T £uS ))l 2 \ = 


L e 1 ,S 


8e ,x * Te 1 < s + / {x, — Je ( Tei ’ s S ' >s " < '‘ p ‘ x ’' 1 g(vs(s)) L 2 cls 


>£i-C 


L £ 1 ,S 


\ II 

>£\ — Ce 1 


<0 

min{p,2} 


e (T n ,s sM* (11^(3)11^ + ||u 5 (s)||^ 1 )ds 
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Transverse instability 


Since P<qP u = <Pw, there exists £\ > 0 such that for ey > 5 > 0 and 9 e M 

\\us(T £ uS ) - eie ^\\ L 2 > \\(I - P<o)(u s (T £ uS ) ~e ie (p u )\\ L2 

= ||(/-P< 0 )e- <wr «i^ 5 (T ei)5 )|| La 
= \\(I - P< 0 )(e- iu}T ^us(T £uS ) - ^)\\ L2 . 

By the definition of y we have 

||( P< fco - P< ko - i)v\\ L 2 > |( y , v)l 2 \i for v e L 2 (R x T l ). 

Therefore, 

||(/- P < 0 )( e -^ i ^ 5 ( T £1 , 5 ) -^)|| l2 > \(x,v 5 (T £uS )) l2 \ > 

This implies that the standing wave e^Cp^ is unstable. 


4 


Proof of Theorem 


ITT 


In this section, we assume L = (A wo ) 1 / 2 for 0 < o>o — A* <S 1. 
The following lemma follows Proposition 11.11 


Lemma 4.1. 




d u <p u 


P+1 


P+1 


IWI/AW" _ X *) pLl ^* + “ A *) p - 1+1 ( P i^A,P[) V*,p 


+ o((u - A*)p- 1+1 ), 


P+1 


P+1 


W*\\lp+iw, x ^-1 / , P\\^*\\lp+1 R ) r l U l\-l I 

--^(w-A *)?- 1 -—^(o; — A *)?- 1 {P±H\*P±) 

p — 1 p — 1 

+ o((u - A*)“). 


(4.1) 


where ip* tP = ||^*|| L p+t(R)'0* — V+ H a = —d 2 + a + V for a G M and P]_ is the orthogonal 
projection onto (+ tI )- L = {u <E L 2 (R)\(u, V’*)l 2 (k) = 0}. 

Proof. Let 

i p+i 

<Pu,o = (w - A*) _ ^</^ = IIVMIlp+i 1 ^* + f. 

By the bifurcation argument, = 0. Since is C 1 with respect to c o and 

{-d 2 x + uj + V)p ufi - \Pu\ p ~ l Pu,o = 0 , 


we have 

0 = cL((-d 2 + w + V)p ufi - |<aJ p_ Vu,,o) 

P+1 

= + r + H u d u f 


P+1 

U*W L P+\R)^* +f: 


P-1 


P+1 

U*\\lp+^(R)^* + f 


-p(w - A*) 


P+1 

IIV’* II Lp+ 1 (K)^* ^ 


P-1 


d u f. 
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Transverse instability 


From (0*,r(cn)) L : 2 (K) = (-0*, 110*11 J+I { r)0£ - 0*)l 2 (R) = 0, we obtain 


P+1 


= ||0*|| lp V (k) (+I#a*P 1) 1 (||0*|| J+t ( R)0* - 0*) + o(l). 


□ 


In the following lemma, we obtain the derivative of the eigenvalue A w . 

Lemma 4.2. Let p > 2. Then, 

0u, = 0* +p(u - A0(P[i4 A »+i) _1 0*, P + 0((u - A*) 2 ), 

=(p - l)(w - A*) +p{2p - l)(cn - A*) 2 1|0* ||f 
+ o((oj — A*) 2 ). 

Proof. There exists 5 0 > 0 such that {z G C||z + A*| < 25 0 } fl er(— A + V) = {—A*}. Let 
T = 0e C||z| = <5 0 } be a simple closed curve and projections 

P„ = —. I (Lf-z)- l dz. 


2 + J r y u 
Then, for oj > A* with 0 < oj — A* <C 1, 

P(*!^ (u, 0a;)L 2 (R)0w• 

Since p > 2, Lf is C 1 with respect to oj. Therefore, the projection P u is also C 1 . For 
oj,J > A*, ((0 w ',0o,)l 2 (r)) 2 - 1 = (Pultun 0w)l 2 (r) 1 = o(l) as \u/-u\ -»• 0. For a; > A*, 


0u/ - 0w = 


+U00U; + 0a;0 - -gy (0a; + 0u0 

1 + (0w') 0c0L 2 (R) 


Thus, 0^ is + 1 with respect to a;. Let <p Wj0 — (oj — A*) p- 1 ^. Since L+0^, = — A w 0 a ,, we 
have 

— Ao; = (L^0£J, 0 W )j?-l(R),i 

Therefore, 


d 


-—\u,= l ~p / (<p w ,o) P 1 ('lf U j) 2 dx - p / (p- 1)(W - A*)(<^ j0 ) P 2 («9 w ^o)(0a;) 2 ^ 


den 


Since 


we have 


= 1 — p + 0(cn - A*). 


(4.2) 


(-<9 2 + tn + A w + V - p|<p w | p 1 )0 W = 0, 


0 = (1 + d w \ w -p|^,o| p 1 ~p(p ~ l)(w - A*)|^, 0 | p 2 d LO p UJ fl)if UJ + L+duifu 
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Transverse instability 


Therefore, 

= p( p ± H \* p ±)~\\MLi+HR)^* ~ $*) + “ A *)- 

By (14.21) and lemma 14.11 we obtain 
d 2 


du 2 


\ w =2p(p-l) / (^ )0 ) P 2 (^^ i0 )(^o;) 2 ^ + 2j9 / (^,o) P VwWu,<& 

J ]R */ M 

+ P(P - 1) / (W - A*)(^ iO ) P_3 (^^,o) 2 ('0a;) 2 da; 

</R 

+ p(p-l) [ (w - A*)(^ aJi o) p_2 (^^ i0 )(^) 2 da: 

Ar 

+ 2p(p - 1) / (w - A*)(< / 9 a , iO ) P_2 (5 a; ^,o)'0a;5a;'0a;^ 

4r 

=2p(2p-l) [ ||^||4K5)«PiffA.Pi)- 1 (||V>,ICS( 1 I l ) «-V’. )dx + o(l). 


□ 


The following corollary follows Lemma 14.21 


Corollary 4.3. T/iere exists 04,1 > A* such that for A* < a; < a;*,!, A w > 0. Moreover, if 
\* < u>o < then the followings are hold. 

(i) If u 0 < cu < cu*^, then L+ has exactly two negative eigenvalue and no kernel. 

(ii) //A* < u < ojq, then L+ has exactly one negative eigenvalue and no kernel. 

Applying Lyapunov-Schmidt decomposition and Crandall-Rabinowitz Transversality in 
[12], we show (p wo is a bifurcation point. In this paper, we only write the sketch of the 
proof of the following proposition (see the proof of Theorem 4 in [12] or Proposition 1 in 
[26] for the detail of the proof of the following proposition). 

Proposition 4.4. Let p > 2 and A* < u>o < There exist 5 > 0 and 0^ o G 

C 2 ([— 8, <5], H 2 ) such that 0 Wo (a) > 0; 


(/>w( a )( x ,y) = (a)(*»x,y) = (t>uo{a)(x,-y), (x,y) 6lx [-ttL,ttL\, 

-A0 wo (a) + cj^a)^ (a) + P0^ o (a) - |0 uo ( a )l P- V«o( a ) = 0, 


(fuiQ (®) T oifuiQ cos T T r uo (o), 

Uu ) 0 (a) = wo + 


y_ 

L 

a 2 + o(a 2 ), 


w " o (°)„2 , „/„i 


(4.3) 


where r Uo (a)±fj Uo cos ||r- a , 0 (a)|| if2 = 0(a 2 ) 
— p 2 (p — l) 2 


<(0) = 


(OaJ P 2 (^o C OSy) 2 ,L a;o 1 ((^ 0 ) P 2 (0^ o COSy) 2 )) L 2 


dXu 

du 


^0 COS L 11 L 2 


o=w 0 11 '01 

P(P~ 1)(P~2) 

cos L 


((Vl o COS y) 2 , (<0aJ P 3 ipfujQ cos y) 2 ) L 2 , 


y ■ 


1 2 

In 2 


(4.4) 
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Transverse instability 


Aof a) — 


dXuj 

du 


and 


\u=u 0 ^u 0 (0)a 2 + o(a 2 ), 


R 


= \\M\* + + o(a^ 


Here, 


/? — 

du; 


|CJ=CJO 


VCo COS 


y 


L 2 


+ ^(0) 


d||6 


AI L2 


den 


u;=a;o 


and X 2 (a) zs t/ze second eigenvalue ofh(a,u 0 ) = —A + 0 ^( 0 ) + 1/ — |<^, 0 (a)| p 1 


(4.5) 

(4.6) 


T/ze sketch of the proof. Let F be the function from H'^ ym (W x T/,,1) —> L^ m (M x Tl, R) 
satisfying 


F(tp,u) = -Ap + up + Vip - \(p\ p V, 


where Lj /m (R x T L ,R) = {u G L 2 (R x T L ,R)|«(x, y) = u{-x,y) = u(x,-y), (x,y) G 
R x [—7rL, 7 tL]}, H 2 sym (R x T L ,R) = H 2 (R x T L ) n L 2 ym ( R x T L ,R) and L 2 (R x T L ,R) 
is the set of real valued L 2 -function on RxT t . Then, Ker(<9 v F(</3 Wo ,u;o)) is spanned by 
V-L 0 cos I;. Applying the Lyapunov-Schmidt decomposition, we obtain that there exists a 
function h{u,a) G id 2 ym (R x T^,R) such that 


P±F(<pu 0 + aV’wo cos — + h(u, a),u) = 0, 


where Pj_ is the orthogonal projection onto {u G L 2 (R x Tl, R)|(zz, t]) Uo cos j)l 2 = 0}. 
Then, the problem F((p uo + aif wo cos f + h(u, a),u) — 0 is equivalent to the problem 


y y 

F\\(uj,a) = (F{<p uo + aif uo cos - + h(u, a), 10 ), ip Uo cos -) L 2 = 0. 


We apply the Crandall-Rabinowitz Transversality and we consider the problem g{u, a ) 
where 


' i ? ||(w,a)-F||(w, 0 ) 


g(u,a) = { dF a 

-8^,0), « = 0 


a ^ 0, 


0, 


Here for a / 0, P||(cn, a) = 0 if and only if g{u, a) = 0. If p > 2, then F| is a C 2 function 
and g is a C 1 function. In the case p — 2, by the positivity of <p UQ and the Lebesgue 
dominant converge theorem, we can prove g is C 1 . Then, 


dg_ 

du 


(wq, 0) 


dX u 

du 


UJ=LUQ 




dg_ 

da 


(ozo, 0) — 0. 


Therefore, by the implicit function theorem there exists u m (a ) such that g(u uo (a), a ) = 0. 
Hence, 0 Wo (a) : = <Pu 0 + a ^u 0 cos f + h(u Uo (a),a) is a solution of F((f> Uo (a),u Uo (a)) = 0 and 

dg_ 

«0) = -t-(^o,0)=0. 

du 
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Transverse instability 


Using certain upper and lower exponential decay rates and positivity of 0 Wo (a), we can 
obtain 


W l(°) = 


LJ, 




( 0 ) 


-1 


dXcu 

du 


\UJ=U)Q 


v ldg ( I 
a->o a oa 


) ? > 


and gap. 

Since L(a, cj 0 ) is C 1 , there exists an eigenfunction x*( a ) °f L(a,u;o) corresponding to 
A 2 (a) such that ||x*(a )|| I/2 = 1, X*(0) = \\ipuio c °s f \\ l2 ip Wo cos | and x*( a ) is C 1 with respect 
to a. In the case p > 2, since F| is C 2 , 0^ o (a) is C 2 . In the case p = 2, since L(a, cuo) is 
C 1 and 






< f>u } 0 ( a ) is C 2 - Since 

A 2 (a) = (L(a, ca 0 )y*(a), x*(a))n 2 , 

we obtain 


dA 2 

da 


= ca; 


I^o 




P(P- 1) ( (p- 2 )(0wo) : 


>—3 




da 


L 2 

2 


+ ( 0 ! 


p-2 rf2 0 

^ da 2 




X* 5 X* 


L 2 


and (14.5p . Finally, calculating ^||0 Wo (a)||^ 2 |a=o, we get (l4~6| . 

□ 


Lemma 4.5. Letp > 2. 
and 


Then, there exists u p > A* swcd that for G (A*,cOp), ca" o (0) > 0 


R 


P,u 0 



2 < p < 
9+\/57 < 

4 — "• 


J 


Remark 4.6. The first term of /T p ^, 0 with respect to Uq — A* yields the critical exponent 
p*. In Lemma [4.51 we show the following expansion: 


R 


■p^o 


(—4 p 2 + 18p — 6)7 t 
3(p-l) 3 / 2 (u;-A,)V2 


+ 0((ca 


A.) 1/2 ). 


Proof. First, we prove the positivity of u;" (0). Let 

h= ((^r a (^ c ° s |) 2 - l Jo ((^o) p_2 (^o c ° s f ) 2 ) ) L2 

/ 2 = ((Vu 0 cos j-) 2 , (^ o ) p-3 (0wo cos f ) 2 ) l2 • 

Since (</?u;,o(t)) p_3 is differentiable with respect to x G M and 


cj — A* 


(p-3)(p+l) 


(Vufl(x)Y 3 - II^IIlp+iqr ) 1 (M x )Y 3 ) < C'(^ Mi o(a;)) p 4 |^^),o(^)| 


16 




















Transverse instability 


by the boundedness of with respect to c o and certain upper and lower expo¬ 

nential decay rates for Lp u and we have 


h =|(w 0 - K)?- 1 f (piol^dxdy 

8 JRxTz, 

a-7 t T 2(p+l) 

=—4—ll^’*lli^Ti(R)(^o - A*)*- 1 


3(5p 3 ) 7rZ ' ||^|| £p+ *■ 1 ( Wo -A*)£- i +1 / i/jP(PlH x ,Pl) V*, P dx 


+ o((^o — A*)p 1+1 L)i 

where (p u>0 = (oj — A*) _ly, ^ _1 Vw and A* < 9(u>) < u. On the other hand, 


h = t((^ 0 rvi, (^i)- 1 (^r%)L> 


1 

4 ' 

+ i((^ 0 r 2 <, (l+ + -^) _i ((^ 0 ) p " 2 ^ 2 0 ))l2 


= /(+/f. 


By 


(d-'uJo) l(i/ , w 0 ) x 


< C and the similar calculation for I 2 , we obtain 


2(p—2) 

A =—--|^(^o,o) P_2 (^o) 2 , (^o)' 1 ^(^a,o,o) P_2 (^o) 3 ^ VO 0/ 

+ /(^ 0 ,o) P_2 (^o) 2 ,(^i) _1 f(^ 0 ,o)^ 2 (^o) 2 - f (^o,o) P_2 (tAj 3 dx-0 Wo 


P-3 , 


2(P+1) 


L 2 


TtL^UJq ~ A*)*’- 1 ||^*ll L H-i ( R ) 

2(p-l) 

(-5p 2 + 9p - 3)ttL(u 0 - A*)^ i+1 ||'0*|| Lp +i(’r ) i 


(P~3)(p+1) 
-1 


2(p — l) 2 




P-3. 


+ o((u>o — A*)p 1+1 L), 

where {'ip< Jj ) ± = {u G L 2 (M)|(w, V’w 0 )l 2 (r) — 0}. By the same calculation of /{ and the 


IT 



Transverse instability 


boundedness of 



5 


2Q-2) 

n = — o* 1 — ( (p™,or’ttw) 2 , (ii + 4/L 2 ) 


2 \ —1 


(^o,o) P 2 {^uofdx ) V'u-o 


L 2 


2(p-2) 

(o; 0 -A,) — 


(^ 0 ,o) P 2 (^ 0 ) 2 , 


( L i 0 + 4 / L2 ) 1 ^(^ 0 ,o) P 2 (^ 0 ) 2 - ^(^o,o) P 2 (^o) 3rf ^o^ 

p-3 

7rL(w 0 - AJp-i||^|| L ^i (R) 


L 2 


12(p - 1) 

(9 P 2 ~ 17p + 7)irL(u 0 - A*)H +1 ||'0*|| lj , +1 *- ) 1 


(p-3)(p+l) 


12(p- l) 5 




+ o((tao — A*)p 1+1 L). 


Since 


C*(uq — A*) 


d \ ILs „„„ y_ \\ z (p — l)nL (p — 1)ttL 


dui A^o ' ? /’^o cos lIIl2 


+ o((o;o — A*)L ), 


we obtain 


<,( 0 ) 


P-3 , 


2(p+l) 


p{p + 3)(w 0 - A*)p-i^y + ; (R) 
' 6 


P-3 


p(2p 3 + 3p 2 + 34p - 18 )(wq - A*)p- 1 


+i 


12(p — 1) 

+ o((o;o - A*)^ 1 "^ 1 ) 


(p—3)(p+l) 
P-1 

LP+ 1 (R) 




p frv, 


A«^_L 


*,P 


dx 


where 

^ _ 2p(2p — 1)||V’*Hlp+i'(k ) ffli' l l ; *(P± H **P±)~ 1 ' l P*,pdx 

(s * — “ 

P ~ 1 

Therefore, if 0 < c^o — A* <C 1, then u;" o (0) > 0. 

Next, we calculate R p ^ 0 . Since 


dX^j 

du 


U)=U0 



2 

L 2 


-2 (p - 1)itL - 2C*(j9 - l)7rL(o;o - A*) + o((w 0 - A*)L) 


and 


du 


47tL 

p — 1 


-Hip+n _p_3 

i,p+ 1 (R)( a; o — A*) p- 1 + o((o;o — A*)p-!L), 
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Transverse instability 


we have 

R P ,uj 0 = —2 (p - 1 ) 7 tL - 2C*(p - l) 7 rL(o;o - A*) + ^ P< f P + + o((u;o - A*)L) 


Let 


3(p —1) 


p(2p 3 + 3 p 2 + 34 p — 18)7 tL 


(a; 0 -A,)||^||-^ ) / rAPlH^Ply^pdx 


3(p — l ) 2 
(— ip 2 + 18p — 6 ) 7 tL 


3 (p - 1) 

p(—26p 3 + 57p 2 — 82p + 30)7rL 


3(p — l ) 2 


+ °(( w o — A *)L) 

(w„-A,)iiV’.iiiK ( 2 ) [ r. (PiH x .pi)-^, iP dx. 


(4.7) 


p* = 


9 + \/57 


Since p* is the root of —4p 2 + 18p — 6 = 0 with p > 1 , the conclusion for p 7 ^ p* follows 
(14.71) . Finally, we consider the case p = p*. By p* > 4, we have 


-26p 3 + 57 pi — 82p* + 30 < 0. 


Therefore, 

p*(-26p 3 + 57p 2 - 82p* + 30)7 tL(w 0 - A*)||^*||^f;| ( . 1 i 


i?, 


p * ,w ° 3(p* - l) 2 

+ o((u>o ~~ A*)L) 

_p*(—26p 3 + 57p 2 — 82p* + 30)7rL(a;o — A*) 
““ 3(p, - l) 2 


(P[i7 A ,P[) 


'l>*&.(P±. H \*P}) X ^*, P * dx 


+ o((o;o — A*)L) 

The conclusion for p = p* follows this. □ 

Using Lemma [4.51 and applying the argument in Section 3 of [26], we obtain Theorem 

o 

For the completeness of the proof of Theorem 11.41 we introduce the argument for the 
stability of standing with the degenerate linearized operator in [ITT, 26]. Using the following 
proposition, we show Theorem 11.41 


Proposition 4.7. Let A* < ooq < a 


o- 


(i) If Rp t u 0 > 0, then e luJot (p u , 0 is a stable standing wave of (NLS) on R x Tl with 

L=(X U0 )~$. 

(ii) If R p>U j 0 < 0, then e mot <p Uo is an unstable standing wave of (NLS) on R x Tl with 

L={X U0 )-*. 
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Transverse instability 


To modulate the translation symmetry for y G T l, we define the polar coordinate 
a — (ai, 02 ) = (a cos —a sin for a G M 2 and 

0 o, o («) 0 F I/) = 00,0 (a) (x, y + a), a; Wo (a) = U 4, 0 (a). 


In the following lemma, we construct a curve which captures the degeneracy of the lin¬ 
earized operator 50 (<p wo ). 

Lemma 4.8. There exist a neighborhood U of (0, 0) in M 2 and a C 1 function p :[/—>■ R 
such that p(0, 0) = 0 and for a G 1/ 

Q(0o,o (a) + p(a)0o,0oj = <2(0 0 , 0 ), 


p(“)(^A^)l 2 = <2(0^ o ) - <2(0^o(«)) + °(p(a))- 

Proof. Since 

0p<2(0o,o(a) T pduiTuio) |p=0,a=0 (0o,o5 0o,0o,o) l 2 ^ ^5 

the conclusion follows the implicit function theorem. 

Let 

<h(a) = 0 WO (a) + p(a)0o,0o, o - 

for a G U. 

In the following lemma, we capture the degeneracy of the action S0 

Lemma 4.9. For a G 1/, 


50 o ($(a)) - S0 o (0o,o) = 

Proof. For a G U, 


du^uo 110 ^0 cos {y / IT) || 02 -Rp ,^o | ->| 4 , ^/'i ^|4\ 


16(00,0, 00 , 00 , 0 )l 2 


|a| + o(|a| ). 


(4.8) 


□ 


50 o ($(a)) - So^oJ =50 wo(a) ($(a)) - 50 o (^ o ) + (w 0 - ^o, o (a))<2(0o, o ) 

=50 Wo ( 3)(0o,o (a)) - 5’o,o(0o, o ) + (w 0 - ^ 0,0 («))<2(0o,o) 

+ ^(P(a)) 2 (5'0 o (0o, o )0o,0o, o , 0^0 ^ o )l 2 + °((p(a)) 2 ). 

From n;0 o (O) > 0 and (14.3ft . co Uo (a) is increasing on a small interval (0, 0). Therefore, there 
exists the inverse function a + (a;) of co uo (a) form [(n 0 , co uo (5)) to [0, 5). By the differentiability 
of a + for co > co 0 , <p uo (a + ) is differentiable for co > co 0 . Thus, for 00,00 \ with 00 7 ^ 001 

50(0^o(a + M)) ~ 5 , ^ 1 (0q, o (a + (n;i))) 

CO — 00 \ 

_(50 1 (0o,o(a + (^i))(0coo(a + H) - 0 o, o (q + (^i))), ( 0 o, o (a + (cu)) - 0 t Q O (a + (q;i )))) L 2 

2 (uj — ^ 2 l) 

, „,J. , +, \w , °((0o, o (° + M) -0<o o (a+(a;i))) 2 ) 

+ <2(0o, 0 (a (w))) +- 

CO — C0\ 

^<2(0o,o( a+ ( w i))) as co —> co\. 
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Transverse instability 


Moreover, since 9 a 0 £Jo (a)| a= o = 0 cos jf, for u j > u>o 

S U j{4 > oj 0 {0' + (^0)) — S Uo {(p u 0 ) 

OJ — COq 

_(^o(^o)(^o(« ) 0^o) i (0^o(® ) 0wo))l 2 (Of - 't | ®((0wo(® ) 0W) ) 

" <(0)(a+) 2 + o((a+)2) + Ww ° ; + <(0 )(a+) 2 + o((a+)2) 

-^Q(0a;o) as W | W 0 - 
Hence, *S0(0w o ( a+ )) is C 1 and 

<*&.(&» (° + )) = Q ^ {a+)) 

CLUJ 

By the equation (14.6p . Q(0^ o ( a+ )) i s C 1 on (wo, us Uo (S)) and 

lim _ Rp„, 

u^ujo uj — cjq 2uj" o (0) 

Therefore, S UJ ((j) UJ0 (a + )) is C 2 with respect to w on (w 0 , uju 0 (5)) and 


S u (<f>wo(a + )) - $*(&») + (<*>o - u)Q(tpu 0 ) = 4^’^ ( u ~ w o) 2 + o((u - w 0 ) 2 ) 


+\4 


(4.9) 


16 


( a+ ) 4 + °(( a+ ) 4 )- 


From the equation (14.81) . we have the expansion 
(P(a)) 2 o)n 2 = 

Since 


(-Rp,cj 0 ) 


l6((/?tJ < ,, J2 


\a\ A + o(|a| 4 ). 


(4.10) 


Sa,„ o (|a|)(0wo(|a|)) + (w 0 - w^o(|a|))Q(^o) = S u ^s)(Ma)) + (w 0 - w^ 0 (a))Q(^ 0 ), 

by (14.9p and (14.101) we obtain the conclusion. □ 

We introduce the distance and tubular neighborhoods of ip^o as follows. Set for £ > 0 

dist^ 0 (w) = inf \\u - e l9 ip U0 \\ t , 

0£]R 

N e — {u G Ff 1 (M x T i )|dist aJo (-u) < e}, 

Ng = {u € N e \Q(u) = Q(Pujo)}- 

Modulating the symmetry, we eliminate the degeneracy of the linearized operator 
around (p uo . 
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Lemma 4.10. Let e > 0 sufficiently small. Then, there exist C 2 function 6 : N e —>■ M, 
a : N e — » M, a : N e — » U and w : N e —>■ i/ 1 (M x TJ such that for u E N e 

e l6 ^u = $(a(u)) + w(u) + a{u)<f) UQ {a{u)), 


where (w(u) + a{u)(f wo {a{u)), ip uo cos(y/L )) L 2 = ( w(u ) + a{u)<!) wo (a{u)), if UQ sin(y/L )) L 2 = 
(ty(w),0 wo (a(M))) L a = (ty(u), i(j> U0 {a{u))) = 0. 

Proof. Let ip UOjl = ip Uo cos (y/L) and V ^ 0 ,2 = Vw sin(y/L). We define 

(e* e n - $(d),i0 a;o (d)) L 2 N 


<9G 


<9(0, ai, a 2 ) 


, 02 ) = 

(e l9 u - 

4(s; 

1 1 Vh>0,l ) L 2 I ) 

{ 

\e ie u - 

■»(s; 

OVU^L 2 / 

.0.0,0) = 

0 and 




(\\M 

12 

In 2 

0 

= 

0 



uj 0 ,0,0,0) 

V 0 


0 


0 

0 

IIV’wo, 


2|Il 2 / 


by the implicit theorem for sufficiently small e > 0 there exist C 2 functions 6 : N e > R 
and a : N £ — >■ 1/ such that for u E N e 


G(u, 9(u), a(u )) = 0. 


We define 

(e*°( u) u - < h(d(u)), 0 a;o (d(n ))) L 2 

an) =- t;-, 

ll^o(«(«))fe 

and 

w(n) = e ie ^u — $(a(it)) — a(u)(j) wo (a(u)). 

Then, the conclusion follows the definition of w. □ 

In the following lemma, we show the estimate of a{u) for u E Nf 
Lemma 4.11. Let £ > 0 sufficiently small. There exists C > 0 such that for u E N 

\ a ( u )\ < C\\w{u)\\ L2 (p(d{u)) + ||w(n)|| L2 ). 

Proof. By Lemma [4.101 for u E N®, 

Q{<Pw o) =Q($(a(u)) + w(u) + aiifif^iaiu))) 

=Q(fu 0 ) + a(n)||0 a;o (d(M))||5 ; 2 + p(a(u))a(u){duTu 0 Au 0 {a( u ))) L 2 

+ p(a(u))(d 0J ip UJo ,w(u )) L 2 + Q(w(u)) + ( a(u)) 2 Q(4> Uo (a(u ))). 

Since p(a(u )) —> 0 as £ —* 0, we obtain the conclusion. □ 

Next, we prove the coerciveness of the linearized operator around (p uo . 
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Lemma 4.12. There exist k 0 > 0 and e 0 > 0 such that for < 21 , 02 , a G (— £o,£o), if 
w G H^-fR x T l ) with (w, <f uo (a)) L 2 = (w, i(/> m {a)) L 2 = (w + acf^fia), 0 Wo cos(y/L)) L 2 = 
(w + af) m (a), sm(y/L)) L 2 = 0, then 

( s "o($(a))w,w) H -i jH i > k 0 \\w\\ 2 Hl , 


where a = (a 1; 02 ). 

Proof. Let if) UOt i = fi> UJ0 cos,{y / L) and ^ 0,2 = fi’uio shfiy/L). For w G H 1 (R x Tl) with 
{w,(j) U0 (a)) L 2 = ( w,i(j) U0 (a)) L 2 = (w + a(j) wo (a), if U0 ,i) L 2 = {w + ^0,2}^ = 0, we 

decompose w = ^^q + M^o + Mw + Mw + ^-L; where {w ± , if> uo ) L 2 = {w ± ,i<p Uo ) L 2 = 
(mil,- 0w o ,i) l 2 = (w_l,-0^,2) l 2 = 0, bj G M for j G {1,2, 3,4}. By the non-negativeness 
of Lj o and Lf o + A^ 0 , Proposition 12.11 and Lemma 12.21 there exists c > 0 such that 
(S" 0 ( ( p LJ0 )w±,w±) h-i^h 1 > c||w ± ||^i, where c is independent of w±. Then, from the or¬ 
thogonal conditions for w, we have for j G {1,2,3,4}, bj = 0((|a| + |a;|)||'u;_i_|| L2 ) as 
|a| + |a| —* 0. Therefore, there exist £q, k 0 > 0 such that for ai, a 2 , a G (—£ 0 , £ 0 ), 


(S" 0 (.®(.a))w,w) H ~i )H i ={S" o (<p UJo )w_ L ,w ± ) H -i tH i + J2b 2 j + o(\\w ± \\ 2 L2 ) 


□ 


In the following lemma, we investigate the variational structure of S uo around (p U]Q . 
Lemma 4.13. Let e > 0 sufficiently small. For u G Nf 

1 


Su 0 {u) - =-(S'f Jo (p U]0 )w(u),w(u)) H - 1 >H 1 + C^R p ^\a{u)[ 


o(\\w(u)\\ H i) + o(|a(u)| 4 ), 


where w(u) and a(u ) are defined by Lemma\f.lC\ and 


C2* = 


£K 0 ||0u,o cos(y/L) \\\ 2 


16(0 

<^0 ) duiPuio) L 2 

Proof. Let u G N®. By Lemma [4. 101 and Lemma [4.111 we have 


Sujo (u) ^ujo (Vuo) 

=S Wo ($(a(u)) + w(u) + a(u)0u, o (a(it))) - S Uo ((p u0 ) 

=S U}Q ($(a(u))) - SuoCVuo) + (SL 0 ($(d(u))),w(u) + a(u)fi U0 (d(u))) H -i )H i 

+ \(S" 0 (®(a{u))w(u),w(u)) H -i :H i + o(\\w{u)\\ 2 Hl ). 
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Since p(a(u)) = 0{\a(u)\ 2 ) as distort) ->■ 0, {^ 0 {a{u)),w[u)) L 2 = 0 and S^ 0 (tp u0 )d u ip Uo = 
—<Pu> 0 , we have 

{SLo(Ha(u))),w(u)) H -i, H i 

= ( S L 0 (3(«)) (Ha(u))) + (u Q -u^(a))^a(u))),w(u)) H -i tH i 
= (^l 0 (a( u ))(^ 0 (a(M)))p(a(M))^^ 0 ,w(n)) j f / -i,Hi + o(l«| 4 ) + o(\\w(u)\\ 2 m ) 

= (( 5 w wo (S(u))(^«-o(«(«))) - 

— p(a(u))(ip U0 - (j) U0 (a(u)),w(u )) L 2 + o(|a(n)| 4 ) + o(||w(n)||^ 1 ) 

=o(|a(n)| 4 ) + o(||w;(n)||^- 1 ). 

By Lemma 14.111 arid the continuity of S^ 0 (T (a) ) and 0 Wo (a) at a — 0, we have 

($(«(“)))> a ( u )^o («(«))> h-\h' = o(|a(«)| 4 ) +o(\\w{u)\\ 2 m ). 

Therefore, from Lemma 14.91 we have the conclusion. □ 


4.1 The proof of (i) of Proposition [477 

In this subsection, we prove (i) of Proposition 14.71 Let 0 < £ € 1. By Lemma [4.131 and 
Rp,uj 0 > 0, for small £ we have that there exists c > 0 such that for u G N® 

SM ~ SU(6J > c(|| w(u)\\ 2 h i + |a(n)| 4 ), (4.11) 


where w(u),a(u ) are defined by Lemma 14.101 We suppose that there exist £0 > 0, a 
sequence { u n } n of solutions and a sequence {t n } n such that t n > 0 and w„(0) —* <p UQ in H 1 
and 

inf || u n (t n ) - e %0 (p uo \\ Hl > £ 0 . 


Let 


V n 



'U J n(tn) ■ 


Since Q(v n ) = Q{<p Uo ) and Q( u n) Q(Pu 0 ) as n ->■ 00, \\v n - u n (t n )\\ Hl -»■ 0 and S uo (v n )~ 
Sojoi&uo) —* 0 as n — * 00. By the equation (14. lip . a(u n (t n )) —* 0, a(u n (t n )) —* 0 and 
w(u n (t n )) —> 0 in If 1 as n —>■ 00. Therefore, 


inf ||u n (t n ) - e*Vw,)|| Hl 0 


as n —> 00. 


This is a contradiction. We complete the proof of (i). 


4.2 The proof of (ii) of Proposition 14.7 

In this subsection, we prove (ii) of Proposition 14.71 Let 0 < e <C 1. We define the functions 
A{u) and P{u) as 

A{u) = (e l6{u) u, -i[ai(tt)0 ai $(a(tt)) + a 2 (u)d a2 $(a(u))]) L 2 , 
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P{u) = (Sl^ aW) {u),iA{u)) H -i tH i, 

for u G N e , where 6 {u) and a{u) are defined by Lemma 14.101 
Then 

A'(u) = - ie~ l 6 ^[ai(u)d ai ^(a(u)) + a 2 (u)d a 2 §{d(u))} 

+ (ie ie ^ u) u, -i[a 1 (u)d ai ^(a(u)) + a 2 (u)d a 2 $(a{u))}) L 20' (u) 

+ (e l 6 {u) u, -i[d ai $(a(u)) + ai(n)<9 ai <9 ai <L(a(n)) + a 2 {u)d ai d a 2 ^{d{u))]) L 2a\{u) 
+ (e* 0(tl) n, —i [ai (u)d ai <9 a2 $ (a(n)) + d a 2 ${a{u)) + a 2 (u)d a 2 d a 2 $(d(u))]) L 2a 2 (u), 


(iA'(u),Q'(u)) L 2 = -(A'(u),iu) L 2 
Therefore, for any solution u(t) of (II.ip 


dA(e ie u) 


d 6 


6=0 


0. 


dA(u(t )) 
dt 


( A'(u(t )), -iE'{u{t)))={iA!{u(t)), E\u{t )) + uj(a(u(t)))Q\u(t))) H -i : m 

=P«t)). 


Next, we investigate the function P. 

Lemma 4 . 14 . For a G U , 

F ( 4 ( S )) = -| S | V3)^|„. U0 

Proof. Let a 0 = (ai i0 ,a 2i0 ) G U. Then ||<f>(a)|| L2 
0. Therefore, 



2 

L 2 


+ o(p(a) 2 ). 


= ||<aJU a(<h(a 0 )) = a 0 and 0(<E>(a o )) = 


5 'L 0 (a 0 )( $ («o)) =S'^{<p U 0 )p{a Q )d u ip a,o 

+ °(p(Oo)|Oo|)j 


p(a 0 )p(p- 1)(P <*) P 1^0 


/ y . y 

^ctyo cos — + a 2)0 sm — 


(4.12) 


L4'($(a 0 )) 

=a i,o^ai < h(®o) + a 2 fi d a 2 $(a 0 ) 


=^uo ( a i,o cos j- + a 2) o sin 0 + (ai i0 9 ai p(a 0 ) + a 2 , 0 da 2 p(ao))<9u;<Pu; 0 

+ (5"(^ 0 ))- 1 


+ p(p - 1 )(&*) 1 ’ 2 ^„ (ai,o cos J- + a 2j0 sin 


2 / 


°(l®o| 2 ) 


(4.13) 
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Hence, we have 
P(H5 o)) 

=(' S wo(^«o )p(ao)du J <P m ,'tp IJJO (^ 1,0 cos — + a 2j0 sin — J + (ai >0 <9 ai p(a 0 ) + a 2fi d a2 p(a 0 ))d UJ <p IJJO ) L 2 

( y y \ ^ 

+ (p(ao)^^ o; -|«o| 2 w" 0 (0)<Pa;o +p(p- I)(^) p- Vi,^i,ocos- + a 2 , 0 sin-J ) L a 

+ (-p(ao)p(p - l)(^o) P ^ 2 ^^o^o («1,0 COS ^ + a 2i0 sin 0 , Vw 0,0 cos + a 2j0 sin 0 ) L 2 
+ o(p(a 0 )|a 0 | 2 ) 

= -p(ao)(^ 05 ^^o)i 2 ( a i,o^iP(«o) + a 2fid a2 p(d 0 ) + |a o | 2 a;" o (0)) + o(p(a 0 )|a 0 | 2 ). 

(4.14) 

By fICTl . we have 


(Tuq i )£2 (0'l j o<9 Q ,iP(flo) T ® 2> oC^a2P(®o)) 




'P,^0 


+ o(|ao| 2 ) 


— _ I«O0- 


d\ u j 

duj 


|OJ=CJ 0 


/ y 

Vu oCOS - 


L 2 


+ a; wo(^)(^^0) Vui 0 )l 2 ) +O(|ao| 2 )- 


Hence, the conclusion follows the equation (14.141) . □ 

Lemma 4.15. Let e > 0 be sufficiently small and u G N® with S U0 (u) — S uo (<p uo ) < 0. 
Then 


P(u) = -|a| 2 p(a) 


d\^ 

doj 


\LJ=OJO 


i>w Q COS 


y 


L 2 


+ o(p(d(u)) 2 ) + o(|Hu)||^i). 


Proof. By the Taylor expansion , we have 


P(u) =(Sl uo{s{u)) ($(d(u)) + w(u) + a(u)(f„ 0 (d(u))),iA\$(d(u)) + w(u) + a(u)(j) U0 (d(u)))) H -i tH i 
=( 5 1 0 (SW)( $ («W)) + Sl o(3(u )) ($(«(«))) (w(u) + a(u)(j) Uo (d(u))), 

L4'(<f>(a(n))) + iA" ($(a(u)))(w(u) + a(u)(j) Uo (d(u)))) H -i yH i + o(p(a(u)) 2 + ||w(n)||^i) 

By (I4.12p , (14.131) , Lemma 14.111 and Lemma 14.141 


P{u) =P($(a(u))) + (S' Uuq (g:(u)) ($ (a (n))), iA" {ffi(a{u) ))w(u))l^ 

+ (5’l 0 (a(»))( $ («( M ))) w ( M ) 5 ^'( $ («( M ))))H-i,rri +o(p(a(«)) 2 + ||w(n)||^i; 
By the proof of Lemma 14.101 we obtain that 

'-ie~ l8 ^ 4> U)0 (a(u)y 


8G 


8(9, cq, a 2 ) 



-e i0( “Va;o,l 

-e-* 0( “)^ o ,2 


Thus 9 , (^(d(u)),a' l (^(d(u))) and a' 2 (&(d(u))) are linear combinations of i<f^ 0 (d(u)), VWi 
and-0^,2. Since (0'($(a(u))), w(u)) L 2 = (^(^(a^))), w(u)) L 2 = (a' 2 (<f>(a(w))), w(u)) L 2 = 
0(a(u)\\w(u)\\ Hl ), we have 


iA"($(a(u)))w(u) = 0(a(u) ||w(n) ||#i). 
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Therefore, by the orthogonal condition of w(u) and = 0(a(u )) we obtain 

P(u) =P($(a(u))) + (uj Uo (a(u)) — uj 0 )(w(u), iA'($(a(u )))) L 2 
+ (p(|$(a(u))l P-1 - | (pu 0 \ v ~ l )w{u),iA'{^{a{u )))) L 2 

r ( y y \ 

+ ( S " 0 (^o) w ( u )^m cos - +a 2 (u) sin -j 

+ )w(u), (ai(u)9 ai p(a(u)) + a 2 {u)d a2 p(d{u)))d 0J ip UJ0 ) H -i yH i 

+ (w(n),-|a(n)| 2 a;" o (0)^ o + p(p - l)(^ 0 ) p_2 ^ 0 (ai(n) cos |- + a 2 (u)sin^) 

+ o(p(a(u )) 2 + \\w(u)\\ 2 h1 ) 

=P($(a(n))) + o(p{a(u)f + ||iy(w)||^i) 

ffence, we obtain the conclusion. □ 

We assume e luJot (p UQ is stable. Let {a n } n be a sequence with a n —y 0 and {u n } n be the 
sequence of solutions with u n ( 0) = $(a n ). Since R P)U0 < 0 and there exists C > 0 such 
that 

Rujq ifln )) Rluo(^Pcl>o) C*Pp,a;ol®n| T o(|®n| )> 

we obtain 5 , aJ0 (^ 0 ) > S Uo (&(a n )) for sufficiently large n > 1. From Lemma 14.131 and 
Lemma 14.151 we have for sufficiently large n > 1 

0 <S^ 0 ( c ^ q ) S uo ($( 0 ^)) 

< - C^R PtUJ0 \d(u n (t))\ 4 - Y ||tu(« n (i))||^i + o(\\w(u n (t))\\ 2 Hl ) + o(\a[u n {t))\ A ). 

By the stability of e Wot (p uo and the equation (14.101) . we obtain there exists c > 0 such that 
for sufficiently large n > 1 


0 < S W0 {{pu 0 ) - S U0 ($(a n )) < cP(u n (t)). 

Since p(a(u n (t ))) is positive and bounded for t > 0 and sufficiently large n > 1, there exists 
5 > 0 such that for t > 0 


dA(u n (t)) 

dt 


= P(u n (t)) > 5. 


This contradicts the boundedness of A on N e . Hence, e luJ ° t (p lJ j 0 is unstable. 
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